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Abstract
Muscle models based on the cross-bridge theory (Huxley-type models) are frequently used to calculate muscle forces
for different contractile conditions. Dynamic and nonlinear characteristics of muscle forces produced during isometric,
concentric, and eccentric contractions can be represented to a limited extent by using cross-bridge models. Crossbridge models use various parameters to simulate force responses. However, there remains uncertainty as to the effect
of changes in model parameters on force responses in Huxley-type models. In this study, we aimed to analyze the sensitivity of force response to changes in model parameters in Huxley-type models. A two-state Huxley model was used to
determine the cross-bridge attachment distributions and forces for shortening and lengthening contractions. Sensitivity
of muscle force to changes in attachment rate, detachment rate, and cross-bridge binding distance was examined within
a range of 620% of the nominal value using Monte Carlo simulations. Changes in the detachment rate influenced the
predicted muscle forces the most for lengthening contractions, while changes in attachment rate and binding distance
affected forces the most for shortening contractions. These results show once more the asymmetry between shortening
and lengthening contractions and the difficulty in using a single cross-bridge model to predict forces during shortening
and elongation accurately.
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Introduction
Active force production in skeletal muscle sarcomeres is
generally accounted for using the cross-bridge theory.1
Cross-bridge or Huxley-type models allow for calculating muscle forces by taking into account the chemical
and mechanical events thought to govern contraction.
The basic idea of Huxley-type models is that myosin
cross-bridges interact with specific attachment sites on
actin, that they pull the actin past the myosin filaments,
thereby producing force and muscle shortening, and
that these interactions are powered by adenosine triphosphate (ATP), one ATP per cross-bridge cycle.2,3
Nonlinear and dynamic characteristics of muscle
forces produced during isometric, concentric, and
eccentric contractions can be represented to a certain
degree using cross-bridge models.4,5 The mathematical
representation of the structural and biochemical events
of contraction involves a system of differential equations. Huxley-type models have become more

sophisticated since the first description in the 1957
model, involving an ever-growing number of mechanical and chemical states.1,6 Cross-bridge models have
been used in attempts to understand the molecular
mechanism of contraction and predict mechanical
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properties of muscles and instantaneous forces for
dynamic conditions.7,8
Huxley-type models were frequently used to extend
mechanisms of force production at the sarcomere level
to the myofibril, fiber, and entire muscle level.9,10,11
However, the basic ideas of the original cross-bridge
model have remained unchanged. Cross-bridge attachment and detachment states are connected by sets of
thermodynamically consistent rate functions, and force
and energetics can be obtained from the instantaneous
cross-bridge distributions and the number of total
cross-bridge cycles, respectively.
Muscle activation can be modeled to regulate the
interactions between actin and myosin filaments.11 The
cross-bridge attachment distribution can be determined
using partial differential equations that contain the
instantaneous cross-bridge cycling properties.12,13
These cycling properties, expressed through the rate
functions of cross-bridge attachment and detachment,
also contain key parameters such as the binding distance. Furthermore, cross-bridge stiffness, contraction
velocity, and sarcomere length affect the predicted muscle forces.14 The initial cross-bridge model had just two
states, one (cross-bridge) attached and one detached
state, and has been used frequently to predict muscle
forces.15
A single contraction event, typically referred to as a
cross-bridge cycle, consists of cross-bridge attachment
to actin, generating force between actin and myosin,
and cross-bridge detachment from actin (e.g. Huxley’s
work in 1974).16 Cross-bridge models are built by
using attachment and detachment rate functions and
binding distances that provide realistic muscle
responses.1,10,16,17 The numerical values of these parameters differ greatly and they are chosen such that the
predicted muscle forces replicate experimental muscle
responses accurately for the given experimental conditions, for example, temperature, specific muscles, mammalian versus insect muscles, or fast and slow fiber
types.18,19
The effect of choices in model parameters on the calculation of muscle forces remains largely unexplored.
Therefore, the purpose of this study was to examine the
sensitivity of the force response to changes in model
parameters in a Huxley-type cross-bridge model. Model
parameters considered in this study were the attachment rate, detachment rate, and the binding distance
and the contractile conditions included shortening and
lengthening contractions.

Materials and methods
The mathematical formalism of the two-state
cross-bridge model
A schematic diagram representing the original twostate cross-bridge model, which is extensively used to
calculate muscle forces at the sarcomere level, is presented in Figure 1.1 Briefly, in the classic cross-bridge
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Figure 1. Schematic representation of Huxley’s 1957 model
and rate functions for attachment (f) and detachment (g)
transitions of cross-bridges. A and D in circles represent the
attached and detached states, respectively (adapted from
Huxley1, with permission).

theory, the reference frame is located at the equilibrium
position of each cross-bridge and the actin filament
slides toward the center of the sarcomere for shortening
(toward the left in Figure 1, as part of the right-hand
half of a sarcomere is depicted) and away from the center for lengthening contractions (toward the right in
Figure 1).1 The relative position of an active actin site
(A) to the equilibrium position of the cross-bridge (M)
is represented by the distance x. A cross-bridge produces zero force at the equilibrium position (O) and a
linearly increasing force with distance from its equilibrium. One cross-bridge only attaches to one actin site
at a given instant in time. A detached cross-bridge cannot reach a distance greater than h to reach an actin
attachment site. The original cross-bridge model has
two states: either a cross-bridge is attached to actin or
it is not attached (detached).
The interactions of the actin and myosin filaments
are given by a first-order kinetic equation:
Dn
∂n
∂n
=
v
= f(x)½1  n  g(x)n
Dt
∂t
∂x

ð1Þ

where n = n(x,t) is the probability density of attached
cross-bridges (or the fraction of attached cross-bridges
between x and x + dx). f(x) and g(x) are forward
(attachment) and backward (detachment) rate functions, respectively, v is the sliding velocity of the actin
past the myosin filament, and D/Dt represents the
material derivative. Considering the cross-bridge formation and movement mechanism shown in Figure 1,
the displacement toward the center of the sarcomere is
defined as positive and, therefore, shortening and
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lengthening velocities are considered positive and negative, respectively.20
The probability density of cross-bridges n(x,t) can
be calculated by integration of equation (1) once the
initial and boundary conditions are given. One of the
assumptions made in the original model was that a
cross-bridge force is linearly related to its excursion
from the equilibrium position, thus the Cauchy (or
true) stress s(t) can be calculated by summing all crossbridge forces in a half-sarcomere:
msk
s(t) =
2l

ð +‘
n(x, t)xdx

ð +‘

ð3Þ

∂n(j, t)
∂n(j,t)
v
= f(j)½1  n(j,t)  g(j)n(j,t)
∂t
∂j

ð4Þ

‘

In the solution, the periodic boundary conditions
implying no attached cross-bridges at a sufficient distance from their equilibrium positions were utilized.
Boundary conditions adopted for solutions imply that
cross-bridge attachment possibility is zero at a certain
distance from their equilibrium positions. Two assumptions, n(jinitial , t) = 0 and n(jlast , t) = 0, were used to
initiate the numerical solutions, where jinitial and jlast
are the first and last positions along the x-axis within
the bonding region, respectively.
In order to calculate n(x,t), the rate functions f(j)
and g(j) are used (equations (5) and (6)) in their normalized version
8
j\0
< 0,
f(j) = f1 j , 04j41
:
0,
j.1


Numerical Value

Unit

f1 (attachment constant)
g1 (detachment constant)
g2 (detachment constant)
h (binding distance)
Dx (cross-bridge displacement step)
Dt (time step)
v (sliding velocity)

43.3
10.0
209.0
1
0.05
0.005
610.0

s21
s21
s21
mm
mm
s
mm/s

The model parameters for f(j) and g(j) were selected
from experimental studies on frog skeletal muscles;
f1 = 43.3 s21, g1 = 10.0 s21, g2 = 209.0 s21.10
The cross-bridge distribution function was calculated using Runge-Kutta integration of equation (4).
Simulations were performed for shortening and lengthening contractions using the isometric (v = 0), uniform
distributions as the initial condition. Shortening and
lengthening velocities were 210 and + 10 mm/s,
respectively. Cross-bridge attachment distributions
were discretely calculated over the entire displacement
range with an interval of Dx. The time steps (Dt) were
chosen in accordance with the contraction velocity
(v = Dx/Dt).

Sensitivity analysis of the model parameters
n(j, t)jdj

g(j) =

Parameter

ð2Þ

‘

where m is the number of cross-bridges per unit volume
and s is the sarcomere length. In equation (2), k is
defined as the spring constant or stiffness of the crossbridge. The distance between successive actin-binding
sites is represented by l and it implies that each crossbridge has the nearest actin site in the interval of
( l=2, l=2). The coefficients of the integral are unique
(C = msk=2l) and stand for the microstructural properties of the contractile tissue. If the bond length (x) and
the contraction velocity (v) are normalized using the
scaling factor, h, (j = x=h and v = v=h), stress (equation (3)) and the governing equation (equation (4)) can
be transformed into normalized forms20,21
msh2
s(t) =
2l

Table 1. Parameter values used for the cross-bridge model
simulations.

g2 , j40
g1 j, j . 0

ð5Þ

ð6Þ

The sensitivity of the force responses to individual and
combined changes in the attachment (f) and detachment (g) rate functions, and the cross-bridge binding
distance (h) was investigated using Monte-Carlo simulations. The forces obtained using frequently employed
parameter values were accepted as nominal forces
(Table 1). The numerical values shown in the table were
determined to be in line with the experimental studies
and these values were used to obtain the nominal distributions and force responses.20,21 Rate constants for
attachment and detachment ( f1, g1, and g2) were chosen in such a way that they provide the optimal fit of
the biomechanical responses to experimental data for
tetanized isotonically shortening frog muscle obtained
by A.V. Hill. These model parameters are frequently
used in Huxley-based modeling studies in the
literature.1,10,11,33
Each model parameter was randomly varied between
+ 20% and 220% of the nominal value using a Monte
Carlo approach.22 For every simulation step, the governing equations were solved numerically, and the
cross-bridge attachment distribution and associated
muscle forces were calculated. The forces obtained for
the dynamic simulations were normalized to those
obtained for the isometric contractions. Simulations
were repeated for each parameter that varied between
620% of its nominal value separately (e.g. while h was
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Figure 2. Distributions of attached cross-bridges (n(x,t)) for
shortening obtained from the model for different time points
during the contraction.

Figure 3. Distributions of attached cross-bridges (n(x,t)) for
lengthening obtained from the model for different time points
during the contraction.

changed, the other two parameters were kept constant).
Furthermore, the parameters were also changed simultaneously so that the sensitivity of force responses to
combined changes in all three parameters were calculated. The effect of contraction velocity on the model
response was also examined through simulations. The
model responses were obtained for lengthening velocities of + 20, + 15, and + 10 mm/s and shortening
conditions with velocities of 220, 215, and 210 mm/s.
In Monte Carlo analyses, 201 simulations were performed for separate sensitivity analyses of f, g, and h,
and 68,921 simulations for combined changes in all
parameters.

number of cross-bridges in the zone of positive x values
decreased with increasing times (between t=0 s and
t=0.5 s, Figure 2).
For muscle lengthening, the cross-bridge attachment
distributions for the nominal parameter values at times
between t=0 s and t=0.5 s are shown in Figure 3. With
increasing contraction time, the cross-bridge attachment distribution shifts toward increasing x distances,
thereby increasing the average force produced by the
attached cross-bridges.

Statistical analysis
Deviations of forces from the nominal values were
quantified using root mean square differences (RMSD)
and Pearson cross-correlation coefficients (PCC).
RMSD and PCC measure similarity in magnitude and
shape between nominal and perturbed forces, respectively. Mean and standard deviations of RMSD and
PCC values were statistically analyzed. The threshold
for the statistically significant difference was defined as
0.05.
PCC and RMSD values were examined in terms of
normal distribution through the Kolmogorov-Smirnov
test. As a non-parametric test, the Kruskal-Wallis H
test was used to investigate if there is a significant difference among the relative force groups. The MannWhitney U method was utilized as a post hoc test with
a statistical significance value of 0.016 considering the
Bonferroni correction. IBM SPSS version 22.0 (IBM
Corp., Armonk, NY, USA) was used for all statistical
analyses.

Results
Model-predicted nominal forces
Cross-bridge attachment distributions for shortening
and lengthening contractions were calculated. For the
nominal parameter values, the number of cross-bridges
entering the zone of negative x values increased and the

Predicted forces using Monte Carlo analysis
The cross-bridge attachment distributions (n(x,t)) were
used to obtain force-time curves. Force results obtained
from the sensitivity analysis for lengthening and shortening contractions were given in Figure 4. For the
dynamic contractions, the forces were normalized relative to the isometric forces obtained with the nominal
input parameters (Figure 4).
For lengthening, the changes in force with changes
in the detachment rate function and the cross-bridge
binding distance were greater than the changes obtained
when varying the attachment rate function. Force was
most sensitive to the binding distance. For shortening
contractions, the force was more sensitive to changes in
the binding distance and attachment rate function than
the detachment rate function. Numerical values for the
maximum, minimum, and nominal forces are summarized in Table 2. For the lengthening simulations, forces
varied by 10.1%, 10.1%, and 2.9% from the nominal
values due to a 6 20% change in h, f, and g, respectively. For the shortening simulations, forces varied by
15.0%, 8%, and 17.5% due to a 6 20% change in h, f,
and g, respectively.
Mean and standard deviations of RMSD values calculated between the nominal and perturbed forces are
given in Figure 5. The highest RMSD values were
obtained for changes in the detachment rate for the
lengthening contraction and changes in the attachment
rate and binding distance for the shortening contractions (p \ 0.05) (Figure 5). Forces were found to be
less sensitive to the attachment rate and detachment
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(a)

(b)

(c)

(d)

Figure 4. Model-predicted forces using the Monte Carlo simulations with a range of 620% of the nominal (initial) value. Gray
zones indicate the variation of force responses. Blue solid line: nominal force value for lengthening, red solid line: nominal force value
for shortening. (a) perturbed parameter: cross-bridge binding distance (h), (b) perturbed parameter: attachment rate function (f),
(c) perturbed parameter: detachment rate function (g), and(d) perturbed parameter: combined changes of all three parameters.

Table 2. Steady-state force values (the ratio of instant muscle force to the isometric muscle force) and changes in percentage with
respect to nominal values.
Modes in the sensitivity analysis

Changes in cross-bridge binding distance (h)
Changes in the attachment rate function (f)
Changes in the detachment rate function (g)
Combined changes in all three parameters

Shortening contraction

Lengthening contraction

Max

Min

Change in nominal
force (%)

Max

Min

Change in nominal
force (%)

0.72
0.73
0.71
0.76

0.65
0.66
0.69
0.61

10.1
10.1
2.9
21.7

2.65
2.49
2.63
3.03

2.29
2.30
2.21
2.03

15.0
8.0
17.5
41.7

Nominal values

rate compared to the other remaining parameters for
the lengthening and shortening contractions, respectively (p \ 0.05).
Mean and standard deviations of the PCC values
calculated between the nominal and perturbed forces
are given in Figure 6. The PCC results are similar to
those obtained for the RMSD analysis. For lengthening contractions, force was least sensitive to changes in
the attachment rate, and more sensitive (p \ 0.05) to
changes in detachment rate and binding distance. For
the shortening condition, force was least sensitive to
changes in the detachment rate function and more sensitive to the attachment rate and the binding distance
(p \ 0.05).

0.69

2.40

The effect of velocity on the force response
The greatest nominal force was obtained for + 20 mm/
s in lengthening simulations and the smallest nominal
force was achieved for 220 mm/s in shortening simulations (Figure 7). Lengthening contraction velocities
have a greater effect on force than shortening velocities.

Discussion
Structural (or Huxley type) muscle models are often
used to simulate force generation in skeletal muscles,
investigate the energetics of contraction, model filament interactions in sarcomeres, and predict heat
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(a)

(b)

Figure 5. Mean and standard deviations of RMSD values calculated between the nominal and perturbed forces for (a) lengthening
and (b) shortening conditions (* indicates the statistical significance between the pairs) .

(a)

(b)

Figure 6. Mean and standard deviations of PCC values calculated between the nominal and perturbed forces for (a) lengthening and
(b) shortening conditions (* indicates the statistical significance between the pairs).

Figure 7. Effect of contraction velocity on the force response.
Blue lines: nominal force values for lengthening contractions, red
lines: nominal force values for shortening contractions.

production in muscles.23–26 Cross-bridge models use
input parameters based on experimental observations
but the sensitivity of force predictions to changes in
input parameters has received comparatively little
attention.27,28 Accordingly, the purpose of this study
was to determine the sensitivity of force predictions of
the classic two-state cross-bridge model to changes in

input parameters for shortening and lengthening
contractions.
For lengthening contractions, changes in the detachment rate influenced the predicted forces most (Figures
4 and 5), while for shortening contractions, forces were
most sensitive to changes in attachment rates and binding distances. The normalized force responses are consistent with Hill’s force-velocity relationship since
muscle lengthening is associated with an increase in
force above isometric (Figure 4), and muscle shortening
is associated with a decrease in force below isometric.
Furthermore, an increase in lengthening speed brought
about an increase in nominal force (Figure 7), while an
increase in shortening speed was associated with a
decrease in force, in agreement with Hill’s force-velocity
experiments and with previous muscle models.10,13,33
Changes in the attachment and detachment rate
functions affect force and are typically adjusted to provide the best fit to experimental results.10,29 Similarly,
changes in binding distance affect muscle force and
were examined in numerical and experimental studies.30
Our predicted steady-state forces were consistent with
those reported in previous studies when using the same
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input parameters (Figure 4).10,21 Similarly, our predicted transient forces and cross-bridge distributions
agreed with previous studies (Table 1).11,21
Within the range of parameter values simulated in
this study (Table 2), shortening contractions were less
sensitive to parameter changes than lengthening contractions (Figure 4). Force predictions were more sensitive to changes in parameter values for the stretching
than the shortening experiments.
Previous studies focused on the effects of changes in
rate functions (f and g) and binding distance on force,
with the aim of examining the relationship between
force, model parameters, and sliding velocity.4,30,31 The
role of the rate functions and binding distances, and
the functional interpretation of these parameters in
cross-bridge models, have been discussed previously.32
In an isometrically activated muscle, assuming no relative sliding of actin to myosin filaments, cross-bridge
binding can only occur within the defined binding
distance (Huxley’s h-distance). During dynamic contractions, however, it is easily possible that attached
cross-bridges are pulled (lengthening) or pushed (shortening) beyond the upper and lower boundaries of the
binding distance (Figure 1). In the original, 1957
Huxley cross-bridge model, the final attachment rate
chosen was linear and just on one side of the crossbridge equilibrium position, thus prescribing that a
muscle could only produce tensile but not pushing
force upon initial attachment. The detachment rate
function also needed to be defined within the binding
region to ensure that cross-bridges could cycle in an
essentially isometric contraction. On the upper and
lower boundaries of the binding region, the rate function of attachment becomes zero, and the rate functions
for detachment typically become great, to ensure that
positive or negative cross-bridge forces do not become
excessive during dynamic contractions (Figure 1). This
choice of the rate functions was done in such a manner
that they allowed Huxley1 to simulate what he called
the best available mechanical data (Hill’s 1938 forcevelocity relationship)33 in the best possible manner.
Huxley1 also mentions that other, non-linear rate functions would have equally well served the prediction of
the force-velocity relationship, but predicting force,
stiffness, and metabolic cost in the most simple manner, was best accomplished with the linear rate functions chosen at the time. By means of these differences
in characteristics of the attachment and detachment
rate functions, the asymmetry and dissimilarity of the
responses in terms of cross-bridge attachment distributions and nominal forces could be modeled and simulated for dynamic contractions (Figures 2 and 3).
Although Huxley1 noted, and discussed extensively,
that when fitting Hill’s 1938 force-velocity relationship
optimally for shortening muscle, the force, stiffness,
and energetic predictions for lengthening muscles were
not good and needed further thinking in the future.
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However, for the two-state Huxley model, the detachment rate affects the force response the most for muscle, while the attachment rate and the binding distance
affect force the most in shortening muscle (Figures 4
and 5). Despite a wide range of changes in parameter
values, the force-time histories obtained in the sensitivity analysis were almost identical (Figure 6).
The binding distance defines the distance over which
cross-bridge formation with actin is possible. Once
attached, cross-bridges can be pulled beyond or pushed
below the boundary of the binding distance. Since
cross-bridges are assumed to be attached to the thick
filament backbone vis a linear spring of constant stiffness, an increase in displacement of an attached crossbridge from its equilibrium position is associated with a
linear increase in force. Therefore, in a lengthening
muscle, when cross-bridges are pulled beyond the upper
limit of the binding distance, cross-bridge forces exceed
the force that they can ever achieve in an isometric or
shortening muscle (Figures 4 and 5).
The study has several limitations considering the
structure of the model and the definition of parameters.
First, since the model does not interact with any passive structural components, such as titin, extracellular
matrix, etc., the influence of those elements on crossbridge formations was not investigated in our study.
Another limitation is the range defined for parameters
in the Monte Carlo sensitivity analysis. Since the lower
and upper limits for the model parameters were not
reported elsewhere and their inter-subject variability
has not been defined, we adhered to the preferred range
reported in most studies in the literature, which was
620% of the nominal values.34 Even though the physiological basis of parameters has been discussed, parameters and their ranges may still need to be adjusted
when further experimental data become available.

Conclusions
The results of our study showed that once more the
asymmetry between shortening and lengthening contractions and the difficulty in using a single cross-bridge
model to predict forces during shortening and elongation accurately.
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